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Abstract. Circular polarization is a relatively unexplored realm of CMB physics. Given
the substantial community effort towards building next generation CMB polarization exper-
iments, including those which will be sensitive to circular polarization, it behooves theorists
to understand the possible sources and relevant physics of circular polarization, as encoded in
the Stokes V parameter. In this work we develop and derive the requisite formalism, namely
the Boltzmann hierarchy for V-mode scalar, vector, and tensor, anisotropies. We derive the
V-mode anisotropies induced by a general source term, and demonstrate how existing propos-
als for the generation of V can be incorporated as source terms in the Boltzmann hierarchy.
A subset of these effects may be correlated with 21cm intensity; we provide a worked exam-
ple and derive an estimator to extract this information from observations. We conclude by
computing the CMB TV cross-correlation generated by axions, and find a relation between
TV and V V spectra in axion models.
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1 Introduction
The polarization of the cosmic microwave background (CMB) has for decades been a subject
of extensive study, and is poised to do so for decades to come. Much of this attention is
focused on B-mode polarization, e.g. as a measure of the energy scale of inflation [1] or
other early universe phenomena [2]. However, much like the LHC and the energy scale of
supersymmetry, there is no strong theory prior on the energy scale of inflation, and hence,
nature makes no promise of a detection. Meanwhile, the CMB circular “V-mode” polarization
has received very little attention, and is often implicitly taken to have a theory prior of 0
(see e.g. [3]). Similar to B-modes, on the observational front there exist only upper bounds:
the V-mode angular power spectrum ℓ(ℓ + 1)Cℓ/(2π) was constrained by SPIDER to be
. 102 µK2 in the range 33 < ℓ < 307 [4], and by MIPOL to be . 105 µK2 on larger angular
scales [5]. Most recently, the CLASS experiment found upper bounds of 0.4µK2 to 13.5µK2
in the range 1 ≤ ℓ ≤ 120 [6].
From a particle physics perspective, there is a strong science case for studying Stokes V:
the requisite imbalance of left- and right-handed photons is indicative of parity violation. We
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will study one such example of this in detail, namely the interaction of photons with an axion
particle. Other works have proposed the generation of V through a variety of mechanisms:
Faraday conversion [7–10], interactions with axions [11–14], a vector coupling to the photon
[15] and more general Lorentz violating interactions [16], non-commutative geometry [16,
17], photon-photon scattering via loop corrections in quantum electrodynamics or second-
order cosmological perturbation theory [8, 9, 18–20], interactions with neutrinos [21], sterile
neutrino dark matter [22], and other fermions [23], and polarized Compton scattering due to
a non-vanishing bulk velocity of cosmic electrons [24]. Interestingly, in contrast to B-modes,
the particle physics interactions probed by V are not those at play during inflation, since
Thomson scattering in the radiation dominated era quickly and efficiently damps out any
primordial V [13]. Thus it is necessarily the physics of the post-inflationary universe which
is probed by V-modes.
This latter fact suggests that any beyond the standard model physics which generates V
may also affect other probes of the high-redshift universe, and in particular, 21cm cosmology
[25]. The potential to cross-correlate the CMB anisotropies with 21cm anisotropies opens a
wealth of new data to explore. Moreover, any V-generating mechanism that relies upon the
production of photons necessarily also contributes to the overall radiation intensity, opening
the possibility for cross-correlating the CMB V-mode polarization with the 21cm intensity.
This correlator is able to single out the generation of V that occurs not via early universe
scatterings, but by traversing cosmology distances.
A primary aim of this work is to emphasize that the theory prior on V as identically
0 is biased towards the standard ΛCDM cosmology. There are a wealth of mechanisms
beyond the standard model which source V in the CMB, and may be correlated with other
observables. In the absence of the detection of B-modes, it may be V-modes that lead the
way for the future of CMB polarization.
To this end, in this work we derive from first principles the Boltzmann hierarchy gov-
erning the scalar, vector, and tensor, anisotropies of the Stokes V-parameter. We confirm
the suppression of primordial V , and find an exact line-of-sight solution that applies in the
presence of a general source term. The latter is independent of the details of the underlying
mechanism, and takes the form of a sum over all multipole moments. We collect proposals
and results in the literature, and map them on to the results derived here. We then turn to
21cm cosmology, and the cross-correlation of the aforementioned V-modes with the 21cm in-
tensity. We build an estimator to extract this information from real data. As a final exercise,
we study CMB cross-correlation, namely the TV cross-correlation, and consider the specific
case of axions.
The structure of this paper is as follows: In section 2 we introduce definitions and
conventions relating to polarization. In section 3 we derive the Boltzmann hierarchy for
circular polarization, and consider the impact of both primordial V and of a general source
term in the Boltzmann equation, and in section 4, we collect V-generating mechanisms from
the literature, and demonstrate how they can be incorporated into the Boltzmann hierarchy.
In section 5 we compute the cross-correlation with the 21cm intensity, and build an estimator.
In Section 6 we compute the TV cross-correlation in the CMB. We close in section 7 with a
discussion of future research directions.
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2 Circular Polarization Preliminaries
We begin by defining the notation and relevant quantities for the study of circular polariza-
tion. We consider an FRW spacetime with scale factor a(t). For an electromagnetic wave ~E
propagating in the zˆ-direction, the Stokes parameters are defined as
I =
1
a2
(|Ex|2 + |Ey|2), V = i
a2
(
E∗xEy − E∗yEx
)
,
Q =
1
a2
(|Ex|2 − |Ey|2), U = 1
a2
(
E∗xEy + E
∗
yEx
)
.
(2.1)
These can be written in a rotated coordinates system {x+, x−}, defined by
√
2xˆ± = xˆ± iyˆ,
I =
1
a2
(|E+|2 + |E−|2) , V = 1
a2
(|E+|2 − |E−|2),
Q =
1
a2
(
E∗+E− + E
∗
−E+
)
, U =
i
a2
(
E∗+E− − E∗−E+
)
,
(2.2)
which makes manifest the nature of V as circular polarization.
The above Stokes parameters have units of intensity, while it is conventional to express
the CMB fluctuations as a brightness temperature. Anisotropies in V can be converted to a
fractional temperature fluctuation ΘV via the rescaling
ΘV ≡ VT
T
=
V
I
, (2.3)
where VT is V in units of temperature, i.e. the brightness temperature perturbation of the
circular polarization, while T and I are the background CMB temperature and intensity
respectively. In this work we use ΘV , VT and V interchangeably, and their distinction should
be obvious from the context .
An essential component in the analysis of CMB polarization is the multipole decompo-
sition. The V polarization at conformal time η, position ~x, and propagation direction nˆ is
expressed in terms of multipole moments V
(m)
ℓ , which we define as
V (η, ~x, ~n) =
∫
d3k
(2π)3
2∑
m=−2
∑
ℓ≥|m|
(2ℓ+ 1)V
(m)
ℓ (k, η)G
m
ℓ , (2.4)
where we define the Fourier transform as f(x) =
∫
d3kf(k)eikx, and
Gmℓ = (−i)ℓ
√
4π
2ℓ+ 1
Y mℓ (nˆ) exp(i
~k · ~x). (2.5)
The power spectrum coefficients Cℓ are then given by the two-point correlation function,
δℓℓ′δmm′C
V V
ℓ = 〈V mℓ (x)V m
′∗
ℓ′ (y)〉, (2.6)
For the scalar perturbations m = m′ = 0, this simplifies to
CV Vℓ (η0) =
∫
d3k
(2π)3
PVℓ (k), (2.7)
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with
PVℓ (k)δ(k − k′) = 〈Vℓ(k)V ∗ℓ (k′)〉. (2.8)
In this work we also consider the formulation of circular polarization in a spherical basis,
as recently done in [9], following the formalism developed in [26, 27]. In this context, fields
are decomposed as
φ(x) =
∑
ℓm
∫
d3k
(2π)3
φkℓmΨ
k
ℓm(x), (2.9)
where Ψkℓm are eigenstates of total angular momentum, i.e. they satisfy the Helmholtz equa-
tion (∇2 + k2)Ψkℓm = 0, (2.10)
and are given by
Ψkℓm = 4πi
ℓjℓ(kx)Y
m
ℓ (xˆ). (2.11)
The power spectrum is related to the two-point correlation function in the usual manner,
〈φkℓmφk
′∗
ℓ′m′〉 =
(2π)3
k2
δ(k − k′)δℓℓ′δmm′Pφ(k). (2.12)
In section 5 we will use this formalism to compute the cross-correlation of CMB V-mode
polarization with the 21cm temperature anisotropies.
3 Boltzmann Equations for Circular Polarization
We begin our analysis by establishing the formalism for studying V , and the equations of
motion that govern the evolution of anisotropies. We derive the Boltzmann equation for
circular polarization brightness temperature perturbations, following closely the analogous
calculation for temperature and linear polarization anisotropies [28].
The general form of the Boltzmann equation is given by
d
dη
~T = ~C[~T ] + ~G[hµν ], (3.1)
where the terms on the right-hand side correspond to collision and gravitational terms re-
spectively, and
~T ≡ (T,Q+ iU,Q− iU, V ), (3.2)
is the temperature vector. This is a simple generalization of the expression in [28] to include
the V Stokes parameter.
The left-hand side of the Boltzmann equation can be expanded as
d
dη
~T =
∂
∂η
~T + ni∇i ~T , (3.3)
where the gradient term describes the effect of photon free-streaming, given in Fourier space
by
iniki = i
√
4π
3
kY 01 . (3.4)
Meanwhile, on the right-hand side, gravitational redshift does not affect V , and hence the
V component of ~G vanishes. This follows from the equivalence principle, which implies that
left- and right-handed photons behave identically under gravitational forces.
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The task remains to compute the collision term. In the standard treatment of CMB
anisotropies, the collision term is dominated by the effects of Thomson scattering, and we
will see that this is also the case for V . To do this we follow the method of [28]: the collision
term in the photon rest frame can be derived from the scattering frame via a rotation and
de-rotation by the two Euler angles α and γ.
The angular dependence in the scattering frame can be compactly expressed as,


Θ‖
Θ⊥
U
V


′
=


cos2 β 0 0 0
0 1 0 0
0 0 cos β 0
0 0 0 cos β




Θ‖
Θ⊥
U
V

 (3.5)
where Θ‖ and Θ⊥ refer to Θ parallel and perpendicular to the scattering plane respectively,
and β is the scattering angle. This can be written in terms of ~T as,
~T ′ = S~T =
3
4


cos2 β + 1 −12 sin2 β −12 sin2 β 0
− sin2 β 12 (cos β + 1)2 12(cos β − 1)2 0
− sin2 β 12 (cos β − 1)2 12(cos β + 1)2 0
0 0 0 2 cos β

 ~T , (3.6)
where we have used the normalization used in [28].
We now transform this to to the photon rest frame. Circular polarization V is invariant
under rotations, and hence under a rotation parametrized by an angle ψ, the vector ~T
transforms as R(ψ)~T = diag(1, e2iψ , e−2iψ , 1)~T . The properly rotated scattering matrix is
then given by
R(γ)S(β) R(−α) = (3.7)
1
2
√
4π
5


Y 02 (β, α) + 2
√
5Y 00 (β, α) −
√
3
2Y
−2
2 (β, α) −
√
3
2Y
2
2 (β, α) 0
−√6 2Y 02(β, α)e−2iγ 3 2Y −22 (β, α)e−2iγ 3 2Y 22(β, α)e−2iγ 0
−√6−2Y 02(β, α)e2iγ 3−2Y −22 (β, α)e2iγ 3−2Y 22(β, α)e2iγ 0
0 0 0
√
15Y 01 (β, α)

 .
From this one can express the collision term in the photon rest frame as
~C[~T ]rest = −τ˙ ~T + τ˙
∫
dΩ
4π
R(γ)S(β)R(−α)~T (Ω′). (3.8)
Finally, we transform back to the background frame. Similar to Q and U , the circular
polarization is not affected by Doppler shifting from the rest frame to the background frame.
Hence, the V -component of ~C[~T ] is given by,
CV = C
rest
V = −τ˙V + ΓV , (3.9)
where ΓV is the V -component of,
~Γ ≡ 1
10
τ˙
∫
dΩ′
2∑
m=−2
P(m)(Ω,Ω′)~T (Ω′), (3.10)
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with
P(m) =


Y m2
′Y m2 −
√
3
2 2Y
m
2
′Y m2 −
√
3
2 −2Y
m
2
′Y m2 0
−√6Y m2 ′ 2Y m2 3 2Y m2 ′ 2Y m2 3 −2Y m2 ′ 2Y m2 0
−√6Y m2 ′ −2Y m2 3 2Y m2 ′ −2Y m2 3 −2Y m2 ′ −2Y m2 0
0 0 0 5Y m1
′Y m1

 , (3.11)
and Y mℓ
′ ≡ Y mℓ (Ω′). From this, one can see that ΓV is given by,
ΓV =
τ˙
2
2∑
m=−2
Y m1
∫
dΩ′Y m∗1 (Ω
′)V (Ω′), (3.12)
where Ω and Ω′ represent directions nˆ. We now perform a multipole decomposition of V as
defined in (2.4):
ΓV =
τ˙
2
2∑
m=−2
Y m1 (Ω)
∫
d3k
(2π)3
2∑
m′=−2
∑
ℓ≥|m′|
(2ℓ+ 1)V
(m′)
ℓ
∫
dΩ′Y m∗1 (Ω
′)Gm
′
ℓ (~x,Ω
′, ~k). (3.13)
Using the fact that
∫
dΩY m∗ℓ Y
m′
ℓ′ = δℓℓ′δmm′ , this can be further simplified to
ΓV =
∫
d3k
(2π)3
2∑
m=−2
∑
ℓ≥|m|
τ˙
2
δℓ1(2ℓ+ 1)V
(m)
ℓ G
m
ℓ (~x,Ω,
~k). (3.14)
This determines the collision term of the Boltzmann equation via equation (3.9).
We can read off the Boltzmann equations of scalar, vector and tensor brightness per-
turbations, corresponding to m = 0, 1, 2 respectively in the multipole decomposition, by
combining (3.14) with equations (3.1), (3.4), and (3.9), The respective Boltzmann equations
are given by,
V S
′
+ kµV S + τ˙V S =
3
2
τ˙ V S1 , (3.15)
V V
′
+ kµV V + τ˙V V =
3
2
τ˙ V V1 , (3.16)
V T
′
+ kµV T + τ˙V T = 0, (3.17)
where V1 denotes the ℓ = 1 multipole expansion, µ ≡ cos θ, and {S, V, T} superscripts
denote scalar, vector, and tensor. The scalar and tensor expressions match that given in [29],
while the Boltzmann equation for vector perturbations has not previously appeared in the
literature.
These equations can be succinctly described by a set of source terms,
SSV =
3
2
τ˙V S1 , S
V
V =
3
2
τ˙V V1 , S
T
V = 0. (3.18)
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which correspond to the source terms for scalar, vector, and tensor modes of V respectively.
These can be compared with the source terms for temperature anisotropies [28],
SST = τ˙
(
ΘS0 + vB +
1
10
ΘS2 −
√
6
10
ES2
)
+
(
kΨ− Φ˙
)
, (3.19)
SVT = τ˙
(
vB +
1
10
ΘV2 −
√
6
10
EV2
)
+ v˙, (3.20)
STT = τ˙
(
1
10
ΘT2 −
√
6
10
ET2
)
− H˙. (3.21)
Crucially, the Θ0 term in S
S
T has no counterpart in the Boltzmann equation for V . As we will
see, this ultimately leads to an uncancelled τ˙V0 in the equation of motion for V0, resulting in
an exponential damping V0 ∼ e−τ .
3.1 Multipole Expansion and Boltzmann Hierarchy
We now expand the Boltzmann equation to find the Boltzmann hierarchy for the multipoles.
As derived in the previous subsection, the Boltzmann equation for V is given by
∂
∂η
V + ik
√
4π
3
Y 01 V = −τ˙V + ΓV . (3.22)
Using the Clebsch-Gordan relation (see [28]),
√
4π
3
Y 01 Y
m
ℓ =
√
ℓ2 −m2
(2ℓ+ 1)(2ℓ − 1)Y
m
ℓ−1 +
√
(ℓ+ 1)2 −m2
(2ℓ+ 1)(2ℓ + 3)
Y mℓ+1, (3.23)
the second term on the left-hand side is given by,
ik
√
4π
3
Y 01 V =
∫
d3k
(2π)3
2∑
m=−2
∑
ℓ≥|m|
k
(√
(ℓ+ 1)2 −m2V (m)ℓ+1 −
√
ℓ2 −m2V (m)ℓ−1
)
Gmℓ . (3.24)
The Boltzmann equation then becomes,
0 =
∫
d3k
(2π)3
2∑
m=−2
∑
ℓ≥|m|
(
(2ℓ+ 1)
(
V
(m)
ℓ
′
+ τ˙
(
1− 1
2
δℓ1
)
V
(m)
ℓ
)
(3.25)
+k
(√
(ℓ+ 1)2 −m2V (m)ℓ+1 −
√
ℓ2 −m2V (m)ℓ−1
))
Gmℓ .
By the linear independence of Gmℓ , we get the Boltzmann hierarchy, i.e. for any m and ℓ,
V
(m)
ℓ
′
+ τ˙
(
1− 1
2
δℓ1
)
V
(m)
ℓ + k
(√
(ℓ+ 1)2 −m2
2ℓ+ 1
V
(m)
ℓ+1 −
√
ℓ2 −m2
2ℓ+ 1
V
(m)
ℓ−1
)
= 0. (3.26)
This is the V-mode Boltzmann hierarchy; a series of coupled differential equations that
directly gives the scalar, vector, and tensor multipole moments (m = 0, 1, 2 respectively).
This expression has not been derived in the literature previously.
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3.2 The Fate of Primordial V
With the Boltzmann hierarchy in hand, we can immediately study the evolution of V that is
present at the beginning of standard cosmology, having been produced in a previous epoch
e.g. cosmological inflation, namely primordial circular polarization. As emphasized in [13],
any primordial V is exponentially suppressed in the CMB. This can be understood as a
straightforward consequence of the suppression of circular polarization by Thomson scatter-
ing. We can see this in detail as follows.
As is the case for temperature [30], the scalar modes admit an exact integral solution,
Vℓ(η) =
∫ η
0
3
2
τ˙ e−τ(η
′,η)V1(η
′)j′ℓ(k(η − η′))dη′, (3.27)
where
τ(η1, η2) =
∫ η2
η1
τ˙dη, (3.28)
is the optical depth from η1 to η2. This further simplifies in the sudden decoupling approx-
imation, τ˙ e−τ = δ(η′ − ηLS), where the subscript LSS refers to quantity evaluated at last
scattering. In this case, (3.27) becomes,
Vℓ ≃ 3
2
V1(ηLS)j
′
ℓ(k(η − ηLS)). (3.29)
and thus depends very sensitively on the value of V1 at last scattering.
From this, one can compute the spectrum of V -mode anisotropies CV Vℓ via equation
(2.7), with V1 determined by the first moments of the Boltzmann hierarchy,
V ′0 + τ˙V0 = −kV1 (3.30)
V ′1 +
1
2
τ˙V1 = −2
3
kV2 +
1
3
kV0 (3.31)
and a similar equation for V2. This system does not admit undamped oscillatory solutions,
but instead both V0 and V1 inherit an exponential suppression from the friction term τ˙V0,1.
This behavior can be easily seen by considering long-wavelength modes. Working in a
series expansion in k/τ˙ ≪ 1, and using the fact that τ˙ is decreasing as a function of time, an
approximate solution can be found as,
V1(η) ≃ V1(0)e−
1
2
τ0 +
kη
3
e−τ0V0(0), (3.32)
where τ0 is defined as the optical depth at the beginning of the radiation dominated era,
and V1(0) and V0(0) are the initial conditions on V0 and V1. The large value of the optical
depth τ0 induces an extreme suppression of V1, and hence by (3.29) the whole tower of Vℓ.
Quantitatively, this suppression is at least of order 1010
20
for standard ΛCDM cosmology
[13].
This indicates that any observed V must be due to new source terms, and not due to
primordial production (e.g. during inflation). With this in mind, we now study the impact of
a completely general source term on V -mode polarization, for the moment remaining agnostic
as to the physical origins of this effect.
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3.3 Generating V-mode Polarization from a General Source
We now generalize our discussion in section 3.2 to account for general source terms for V . In
section 4 we will see that there are a number of physical processes, in addition to Thomson
scattering, which may introduce source terms to the right-hand side of (3.22). Let S be the
sum of all these source terms. We may perform a multipole decomposition on S, just as we
did on V , so that the Boltzmann hierarchy becomes
Vℓ
′ + τ˙
(
1− 1
2
δℓ1
)
Vℓ + k
(
ℓ+ 1
2ℓ+ 1
Vℓ+1 − ℓ
2ℓ+ 1
Vℓ−1
)
= Sℓ. (3.33)
This is a generalization of (3.26); whereas (3.26) assumes that there is only an ℓ = 1 source
(Thomson scattering), (3.33) permits sources in any mode.
As with the previous subsection, the hierarchy (3.33) possesses an exact integral solution.
However, while (3.27) has only one term corresponding to the ℓ = 1 source term in (3.26),
the integral solution for (3.33) will have a sum over all ℓ. It is given by
Vℓ =
∫ η
0

3
2
τ˙V1j
′
ℓ(k(η − η′)) +
∞∑
ℓ′=0
Sℓ′
⌊ ℓ
′
2
⌋∑
n=0
Aℓ
′
n j
(ℓ′−2n)
ℓ (k(η − η′))

 e−τ(η′,η)dη′, (3.34)
where Aℓ
′
n is defined recursively as
Aℓ
′
0 =
1
Σℓ
′
00
=
(2ℓ′ + 1)!
2ℓ′ℓ′!2
Aℓ
′
n =
−1
Σℓ′nn
n−1∑
p=0
Aℓ
′
pΣ
ℓ′
np for n > 0
(3.35)
and we have defined
Σℓ
′
kn =
2ℓ
′−2k(−1)k−n(ℓ′ − k − n)!(ℓ′ − 2n)!
k!(2ℓ′ − 2k − 2n+ 1)! . (3.36)
This provides an exact solution in the presence of any source term.
To demonstrate that (3.34) indeed solves (3.33), one may rely upon the result
⌊ ℓ
′
2
⌋∑
n=0
Aℓ
′
n j
(ℓ′−2n)
ℓ (0) = δℓℓ′ , (3.37)
where Aℓ
′
n and Σ
ℓ′
kn are defined in (3.35) and (3.36). We present a proof of this in Appendix
A. With this established, it is easy to check that (3.34) solves (3.33). Applying Leibniz’ rule
to (3.34), and applying (3.37), yields
V ′ℓ =
1
2
τ˙Vℓδℓ1 + Sℓ − τ˙Vℓ (3.38)
+k
∫ η
0

1
2
τ˙V1j
′′
ℓ (k(η − η′)) +
∞∑
ℓ′=0
Sℓ′
⌊ ℓ
′
2
⌋∑
n=0
Aℓ
′
n j
(ℓ′−2n+1)
ℓ (k(η − η′))

 e−τ(η′,η)dη′.
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The first three terms (i.e., those outside of the integral) trivially cancel with other terms in
(3.33). The last term, as a consequence of the relation,
(2ℓ+ 1)j′ℓ(x) = ℓjℓ−1(x)− (ℓ+ 1)jℓ+1(x), (3.39)
cancels with the Vℓ+1 and Vℓ−1 terms in (3.33). Thus (3.34) indeed solves (3.33)
Before we carry on, we should consider the information contained within (3.34). Inter-
estingly, Vℓ depends not only on the corresponding multipole of the source term, but on all
multipole moments of the source. This implies that Vℓ can in principle behave very different
than its sources. For example, in many cases Sℓ will depend on Uℓ or Qℓ, which have well
defined trends with respect to ℓ. However, since Vℓ is a sum over all Sℓ′ , these trends will
not necessarily carry over to Vℓ.
4 New Physics and Sources of Circular Polarization
As discussed in section 3.3, if we wish to model physical processes aside from Thomson
scattering, then these will be represented as additional source terms on the right-hand side
of (3.26). In this section we collect V-generation proposals in the literature and translate
them to explicit forms of the induced source term in the Boltzmann equation. These results
are summarized in Table 1.
Section Physical process Type of effect Form of the source
term
4.1
Faraday conversion Collision effect proportional to U
(m)
ℓ
4.2
Axions Propagation effect one term for ℓ = m = 0
mode, one term
proportional to V
(m)
ℓ ,
rescaling of all other
sources
4.3
Vector coupling to QED Collision effect linear combination of
U
(m)
ℓ and V
(m)
ℓ
4.4
One-loop QED
(photon-photon
scattering)
Collision effect proportional to U
(m)
ℓ
4.5
Photon-fermion
scattering
Collision effect mixing of V
(m)
ℓ with
different multipoles of U
and Q, including vector
and tensor modes
4.6
Non-commutative
spacetime
Propagation effect linear combination of
U
(m)
ℓ and V
(m)
ℓ
Table 1. Sources of Circular Polarization
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4.1 Faraday Conversion
Early work on circular polarization [7] introduced Faraday conversion as an important tool
for understanding varied sources. Recalling,
V = 2
a2
|Ex||Ey| sin∆φ ,
U = 2
a2
|Ex||Ey| cos∆φ , (4.1)
we see that if the amplitudes |Ex| and |Ey| are constant, then it follows that V and U are
related via
V ′ = U
d∆φ
dη
= 2U
d∆φFC
dη
, (4.2)
where, following the convention of [7], ∆φFC =
1
2∆φ. This implies that any process that
introduces a phase difference between the x and y components will cause V to change at
a rate proportional to U . This phenomenon is known as Faraday conversion1. It can be
incorporated in the Boltzmann hierarchy via the source term,
S
(m)
ℓ = 2U
(m)
ℓ
d∆φFC
dη
. (4.3)
We will discuss several sources of Faraday conversion below, regardless of sourcing phe-
nomenon.
One source of Faraday conversion is that caused by a magnetized relativistic plasma [7],
in which
∆φ =
e4λ3
πm3ec
5
β − 1
β − 2
∫
dl nrγmin|B|2(1− µ2). (4.4)
where B is the magnetic field, me is the electron mass, µ is the cosine of the angle between
B and the line of sight, nr is the number density of relativistic particles, β is an index for
the distribution of the particles in terms of their Lorentz-factor γ [7], γmin is the minimum
value of γ, and λ is the wavelength of radiation. The total impact of this source on V (in
units of TCMB) is estimated to be on the order of 10
−9 at 10 GHz.
As an additional example of Faraday conversion, [8] showed that if hydrogen atoms
become spin-polarized, they may induce a birefringence between the x and y directions. This
spin-polarization is caused by Balmer radiation during the epoch of recombination, and by
21cm radiation during the cosmic dawn era (in both cases ultimately coming from other
nearby hydrogen atoms). Specifically, this spin-polarization induces a phase change at a rate
of
d∆φ
d ln a
= −C (1 + z) 12 (P2,2 + P2,−2) 100 GHz
νtoday
, (4.5)
where C = 3.13 × 10−3 during the cosmic dawn and C = 2.45× 10−3 during recombination,
and the alignment tensor P2,m is given in [8]. The total impact of this source on V is
estimated to be (in units of TCMB) on the order of 10
−16 during the cosmic dawn and 10−19
during recombination.
1Note that Faraday conversion should not be confused with Faraday rotation, also discussed in [7].
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4.2 Axions
Axions naturally interact with photons according to the Lagrangian
Lint = −gφ
4
φFµν F˜
µν (4.6)
where Fµν = ǫµνσρFσρ is the Hodge dual of Maxwell field strength tensor F , φ is the axion
field, and gφ is the coupling constant. This induces two qualitatively distinct effects: axion-
photon scattering, discussed in section 4.3, and a modified dispersion relation for photons
[12]:
A′′± + (k
2 ± gφφ′k)A± = 0 (4.7)
where A± are (Fourier-transformed) components of the electromagnetic four-potential. The
resulting A± depend sensitively on time-dependence φ, which is model-dependent.
For the moment, we work in full generality. Let us write the solution as
A± = A±0e
ik
∫
γ±dη. (4.8)
Note that any solution to (4.7) can be written in this way; this follows from the fact that if
f±(η) solves (4.7), then
γ± =
1
ik
d
dη
ln f±(η). (4.9)
In the trivial case of φ′ = 0, we get γ± = 1; this is the case where there is no photon-axion
interaction. If instead φ′ is constant, e.g. during a slow-roll phase, then
γ± =
√
1± gφφ
′
k
. (4.10)
Taking the derivative of (4.8), we get that
|A′±| =|kγ±A±0|e−k
∫
Im(γ±)dη. (4.11)
But recall that when there is no photon-axion interaction, γ± = 1, and so in that case
|A′±| =|kA±0|. Defining A±w/o as the value that A± would have if there were no photon-
axion interaction, we get
|A′±| =|γ±|e−k
∫
Im(γ±)dη
∣∣∣A′±w/o∣∣∣ . (4.12)
We define Γ± =|γ±|2e−2k
∫
Im(γ±)dη, so that
|A′±|2 = Γ±
∣∣∣A′±w/o∣∣∣2 . (4.13)
One can then compute the source term, and applying the definition of the Stokes parameters,
one arrives at
V ′ =
Γ′+ + Γ
′
−
Γ+ + Γ−
V +
Γ−Γ
′
+ − Γ+Γ′−
Γ+ + Γ−
T +
Γ+ − Γ−
2
T ′ +
Γ+ + Γ−
2
V ′w/o, (4.14)
where T is the temperature fluctuation, and Vw/o is the V generated in the absence of axions.
Thus we see that axions introduce four changes to V ′: it introduces one term propor-
tional to V and another term proportional to T , it causes all sources of T to become sources
of V (scaled by (Γ+−Γ−)/2), and it causes all of V ’s pre-existing (i.e., non-axion) sources to
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be scaled by (Γ++Γ−)/2. Performing a multipole decomposition, we find that the right-hand
side of the Boltzmann hierarchy (3.26) becomes
S
(m)
V ℓ =
Γ′+ + Γ
′
−
Γ+ + Γ−
V
(m)
ℓ +
Γ−Γ
′
+ − Γ+Γ′−
Γ+ + Γ−
T
(m)
ℓ (4.15)
+
Γ+ − Γ−
2
∑
S
(m)
Tℓ +
Γ+ + Γ−
2
∑
Sˆ(m)V ℓ .
where ST and SˆV are the source-term for T and non-axion sources for V respectively, and
the sum is over all such source terms. Additionally, because the τ˙ terms in (3.26) are the
source term for Thomson scattering, they also are rescaled by Γ++Γ−2 .
The above results are entirely general, but one specific case is worth considering [12].
This is the adiabatic model, in which
gφφ
′′
k2 ≪ 1 for all modes observable in the CMB, and√
1± gφφ′k ∈ R. Since φ′′ is insignificant in this model, γ± =
√
1± gφφ′k , and so Γ± = 1±
gφφ
′
k
(see section IV A of [12] for more details). Thus (4.15) becomes
S
(m)
V ℓ =
gφφ
′′
k
T
(m)
ℓ +
gφφ
′
k
∑
S
(m)
Tℓ +
∑
Sˆ(m)V ℓ , (4.16)
where again ST and SˆV are the source-term for T and non-axion sources for V respectively,
and the sum is over all such source terms. We see that in this adiabatic model, non-axion
sources are not scaled, while all sources of T are introduced as sources of V , and there is a
direct sourcing of V by T (i.e. the first term in the above).
4.3 General Vector Coupling to Photons
A generalization of the axion-gauge field interaction is to promote ∂µφ to a general vector
Tµ [15] and consider the Lagrangian,
LT = gT ǫµναβAµTνFαβ , (4.17)
where gT is a coupling constant. This causes polarization modes to rotate in to each other,
and the sourced V-modes are given by,
V ′ =
g2T
ak
(
χ(kˆ)U + ζ(kˆ)Q
)
, (4.18)
where χ and ζ are functions of the stress-energy tensor and the polarization four-vectors.
There are similar relations for the rotation of V into U and Q, however these may be safely
ignored to a good approximation, since the V contribution is vastly subdominant to standard
contributions to U and Q. To incorporate this effect in the Boltzmann hierarchy, the source
term is given by,
S
(m)
ℓ =
g2T
ak
(
χ(kˆ)U
(m)
ℓ + ζ(kˆ)Q
(m)
ℓ
)
. (4.19)
Note that the axion model considered in the previous section is actually a specific case of the
model in this section; the two are equivalent with the identification Tν = ∂νφ. In that case,
one should incorporate both the effects of this section and of the previous section, including
both as source terms in the Boltzmann equation. The latter is a propagation effect, while
(4.19) is a collision effect, and the two can happen simultaneously.
– 13 –
4.4 One-loop QED (Second Order Cosmological Perturbation Theory)
An additional possibility is that circular polarization can be generated at second order in
cosmological perturbation theory, via photon-photon scattering. This was studied by [8],
and expanded on in [9], which found a Faraday conversion
d∆φFC
d ln a
= 8.7× 10−8
( νtoday
100 GHz
)(1 + z
1000
) 7
2 Re aE22
10−6
. (4.20)
where aE2m is the local quadropole moment. The corresponding source term in the Boltzmann
hierarchy follows from (4.3).
For the sake of completeness, we note differing results in the literature: [18] found
V ′ ∝ UQ; [19], while [20] found rotations of both U and Q into V , i.e. of the form V ′ ∝ U+Q.
For a detailed comparison and discussion see [8].
Photon-photon interactions do represent a somewhat different situation than the phe-
nomena we have considered thus far, since they are not new physics per se. Whereas we do
not know whether axions and non-commutative spacetimes actually exist, we do know for a
fact that photons do interact with other photons. Thus, any circular polarization induced
by photon-photon interactions will represent a baseline V , analogous to the neutrino floor in
direct detection searches for dark matter, onto which the effects of other phenomena might
be added.
4.5 Photon-Fermion Interactions
In a similar vein to the previous section, [21] examines the effect of photon-neutrino scatter-
ing2, finding
V ′ = a
√
2αGF
3πk0
∫
d~q nν(~x, ~q)
[(
(~q · ~ǫ1)2 − (~q · ~ǫ2)2
)
Q− 2 (~q · ~ǫ1) (~q · ~ǫ2)U
]
, (4.21)
where nν is the number density of neutrinos, [23] considers the more general case of photon-
fermion scattering, and [22] considers sterile neutrino dark matter. These cases lead to a
similar structure, where U and Q both source V :
V ′ = cQQ+ cUU (4.22)
where the coefficients cQ,U , given in [22], themselves have an angular dependence.
In this case, one cannot deduce the source terms for the multipole moments by simply
transforming Q→ Q(m)ℓ and U → U (m)ℓ , as we have done in previous sections, since cQ and cU
have their own angular dependence. What we must therefore do is to write these coefficients
as linear combinations of spherical harmonics:
V ′ =

∑
ℓ,m
cQℓ,mY
m
ℓ (θ, φ)

Q+

∑
ℓ,m
cUℓ,mY
m
ℓ (θ, φ)

U
=
∫
d3k
(2π)3
∑
ℓ,m
∑
ℓ′,m′
(2ℓ′ + 1)
(
cQℓ,mQ
(m′)
ℓ′ + cUℓ,mU
(m′)
ℓ′
)
Y mℓ (θ, φ)G
m′
ℓ′ (θ, φ). (4.23)
2We note that, following the first footnote in [8], it is not clear that photon-neutrino scattering should
source circular polarization. [8] presents an elegant argument that there should be no neutrino-induced V ,
which is clearly at odds with the result of [21]. We therefore encourage the reader to maintain some skepticism
with regards to (4.21).
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Simplifying this further can be done via manipulation of identities and Clebsch-Gordan co-
efficients.
However, even without detailed calculations, one can see an interesting consequence of
this angular dependence. A term proportional to Y m+m
′
L in the expression for V
′ corresponds
to a source term in the V
(m+m′)
L Boltzmann hierarchy equation. We have seen that the
expression for V ′ will incorporate terms proportional to Q
(m′)
ℓ′ Y
m+m′
L and U
(m′)
ℓ′ Y
m+m′
L , so
that V
(m+m′)
L is coupled to Q
(m′)
ℓ′ and U
(m′)
ℓ′ . Since ℓ
′ and m′ need not be equal to L and
m +m′, what we get is that a V multipole moment can be coupled to Q and U multipole
moments with different values of ℓ and m. A tensor perturbation of Q can affect a scalar
perturbation of V , for example.
4.6 Non-Commutative Spacetime
Non-commutative space and spacetime arise in string theory [31], and are thought to arise in
quantum gravity more generally. Stated formally, this corresponds to a non-zero commutator,
θµν = −i[xˆµ, xˆν ], (4.24)
where θµν is a real, constant, antisymmetric matrix. This non-commutative geometry causes
Q and U to convert into V [17], as
V ′ = dQQ+ dUU, (4.25)
where dQ/U are functions of angle and the polarization vector. Similar to photon-fermion
interactions of the previous subsection, the angular dependence of the coefficients gives a
non-trivial structure to the source term. The resulting CV Vℓ is given by [17] as roughly on
the order of nK2 if the energy-scale of non-commutativity Λ is ∼ 10 TeV, or on the order of
µK2 if Λ ∼ 1 TeV.
5 CMB-21cm Cross Correlation
We now shift our focus away from the CMB, and towards a broader perspective on the future
of cosmology.
A promising new observational probe of cosmological physics is the 21cm signal; pro-
duced by hyperfine splitting in the hydrogen atom, this is a tracer of the intergalactic medium
(IGM). For a detailed review see [25]. This probes both the cosmic dark ages and the epoch
of reionization, two periods in the universe’s history about which we currently have very little
information. In addition to circumventing the cosmic variance limitations of CMB probes,
measurements of the power spectrum from the dark ages can in principle be more accurate
than those from the CMB, because during the dark ages the IGM is not affected by photon
diffusion. At lower redshifts, the 21cm signal probes cosmic structure, as after reionization
the 21cm signal traces dark matter halos rather than the IGM. Observations of the global
21cm signal were first reported by the EDGES experiment [32], and many new experiments
will be going after both the global signal [33–35] and anisotropies, e.g. LOFAR [36], MWA
[37], PAPER [38], CHIME [39], HIRAX [40], HERA [41], and SKA [42]. See [43] for a detailed
review.
The high energy physics prospects of 21cm cosmology range from precision measure-
ments of primordial non-Gaussianity [35, 44, 45], or constraining or observing the velocity-
dependence of dark matter scattering cross section [46–48], to a probe of cosmic strings
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[49, 50]. This is in addition to constraining the dark energy equation of state, dark matter-
dark energy interactions, and the standard ΛCDM parameters.
If there is CP-violating physics at play during the dark ages of epoch of reionization,
this may generate circular polarization of the 21cm emission. However, instead of going after
the circular polarization of the 21cm signal directly, here we propose to isolate CP-violating
effects using the cross-correlation of the intensity of the 21cm signal with the Stokes V of the
CMB. This is conceivably within reach for next generation cosmology experiments. However,
we do note that 21cm circular polarization is in itself an interesting observable, and can probe
primordial gravitational waves [51, 52].
We emphasize that despite being generated by parity-violating processes, the V Stokes
parameter of the CMB is a scalar [29], and the multipole expansion into Y mℓ enjoys the
same parity properties as that for T . This allows for non-vanishing TV cross-correlation,
and similarly, CMB-V-21cm-I. This is in contrast to B-mode polarization, which is expanded
in spin-2 basis functions and has opposite parity to T , implying the TB cross-correlation
vanishes in the absence of additional parity violating effects, such as chiral gravitational
waves [53]. Incidentally, many of the effects that lead to V will also source chiral gravitational
waves (e.g. axions [54–66]), and thus one additionally expects non-vanishing TB, EB, and
V B in these models.
Among these possibilities, the cross correlation of V and the 21cm signal is uniquely
positioned to probe the propagation of photons across cosmological distances. While cross-
correlations of V with any signal originating before last scattering, such as V itself, encode
information about both collision and propagation effects, a cross-correlation between V and a
signal arising after last scattering will encode only information about the propagation effects.
With this in mind, here we develop the CMB-21cm cross-correlation in the model of [9],
and compute an estimator for extracting this from data.
5.1 Faraday Conversion
Here we consider the model of [9]. In this scenario, circular polarization is generated by the
propagation of light through a medium with an anisotropic index of refraction tensor,
nij(~x) ∝
(
∇i∇j − 1
3
gij∇2
)
δˆ(~x), (5.1)
where δˆ is the matter perturbation; typically written as δ, we have added a hat to differentiate
it from the Kronecker delta. This leads to Faraday conversion along the lines discussed in
section 4.1.
The resulting circular polarization is given by,
V (nˆ) = ǫabP
acΦbc, (5.2)
where P is the linear polarization matrix,
Pab(nˆ) ≡ 1√
2
(
Q(nˆ) U(nˆ)
U(nˆ) −Q(nˆ)
)
(5.3)
and Φab is a phase shift tensor,
Φab(nˆ) ≡ 1√
2
(
φQ(nˆ) φU (nˆ)
φU (nˆ) −φQ(nˆ)
)
. (5.4)
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In both expressions nˆ is a direction that specifies a point on the celestial sphere. We expand
these in multipoles as,
Φab(nˆ) =
∑
ℓm
ΦℓmY
E
(ℓm)ab(nˆ), (5.5)
and similarly for Pab(nˆ), where Y
E are the E-mode tensor spherical harmonics (defined in
[67]).
One can straightforwardly compute the spherical harmonic coefficients for V , and these
are given by
Vℓm =
∑
ℓ1ℓ2m1m2
Pℓ1m1Φℓ2m2G
ℓm
ℓ1m1ℓ2m2 , (5.6)
where G is defined in terms of Wigner-3j functions [9]. We note that the Vℓm are different
from V
(m)
ℓ used in previous sections: V
(m)
ℓ refer to a Fourier mode of a multipole moment,
as per (2.4), while the Vℓm above are position space multipole moments, defined by the
decomposition,
V (nˆ) =
∑
ℓm
VℓmYℓm(nˆ). (5.7)
We also note that the definition of V
(m)
ℓ includes scaling factors via the definition of G
m
ℓ ,
which are not present in the definition of Vℓm.
For the specific case of birefringence due to spin polarizations of hydrogen atoms, one
finds [9] that the phase shift is determined by the matter perturbation, as
Φkℓm = 2
√
15πiℓ
p
Nℓ
∫
dχW (χ)
jℓ(kχ)
(kχ)2
δˆkℓm, (5.8)
where again δˆ denotes the matter perturbation, p andW are given in [8], andNl ≡
√
2(l − 2)!/(l + 2)!.
It is important to note that Φkℓm is not a coefficient of the expansion given in (2.9); rather,
it is the contribution to Φℓm from a given value of k, i.e.
Φℓm =
∫
k2dk
(2π)3
Φkℓm. (5.9)
Here Φkℓm is a notational exception; every other quantity with a subscript of ℓm and super-
script of k will indicate a coefficient in the spherical basis, as per (2.9).
We now consider the 21cm signal, δ˜kℓm. We assume that the 21cm is a biased tracer of
the matter distribution, such that
δ˜kℓm = ak δˆ
k
ℓm, (5.10)
where ak is a redshift-dependent constant of proportionality. The cross-correlation with the
matter density perturbation is then given by,
〈δˆkℓmδ˜k
′∗
ℓ′m′〉 = a∗k〈δˆkℓmδˆk
′∗
ℓ′m′〉 = a∗kδℓℓ′δmm′δkk′Pδˆδˆ(k), (5.11)
where Pδˆδˆ(k) is the matter perturbation power spectrum. It follows that the circular polarization-
matter perturbation cross correlation is then given by
〈Φkℓmδ˜k
′∗
ℓ′m′〉 = 2
√
15πiℓ
p
Nℓ
∫
dχW (χ)
jℓ(kχ)
(kχ)2
〈δˆkℓmδ˜k
′∗
ℓ′m′〉
= 2
√
15πiℓ
p
Nℓ
a∗k′δℓℓ′δmm′δkk′Pδˆδˆ(k)
∫
dχW (χ)
jℓ(kχ)
(kχ)2
, (5.12)
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and the Φδ˜ angular power spectrum is
CΦδ˜ℓ =
∫
k2dk
(2π)3
k′2dk′
(2π)3
〈Φkℓmδ˜k
′∗
ℓm 〉 = 2
√
15πiℓ
p
Nℓ
∫
k2dk
(2π)3
a∗kPδˆδˆ(k)J
W
ℓ (k), (5.13)
where we have defined
JWℓ (k) =
∫
dχW (χ)
jℓ(kχ)
(kχ)2
. (5.14)
We note the factor of iℓ is a reflection of the choice of basis functions for the multipole
expansion (5.7); the physical observable C(θ) is real.
We will use (5.13) to compute the V δ˜ angular power spectrum. The cross correlation
is:
〈Vℓmδ˜k′∗ℓ′m′〉 =
∑
ℓ1m1ℓ2m2
〈Pℓ1m1Φℓ2m2 δ˜k
′∗
ℓ′m′〉Gℓmℓ1m1ℓ2m2
=
∑
ℓ1m1ℓ2m2
(
〈Pℓ1m1〉〈Φℓ2m2 δ˜k
′∗
ℓ′m′〉+ 〈Φℓ2m2〉〈Pℓ1m1 δ˜k
′∗
ℓ′m′〉+ 〈δ˜k
′∗
ℓ′m′〉〈Pℓ1m1Φℓ2m2〉
)
Gℓmℓ1m1ℓ2m2
=
∑
ℓ1m1ℓ2m2
〈Pℓ1m1〉〈Φℓ2m2 δ˜k
′∗
ℓ′m′〉Gℓmℓ1m1ℓ2m2
=
∫
k2dk
(2π)3
∑
ℓ1m1
〈Pℓ1m1〉〈Φkℓ′m′ δ˜k
′∗
ℓ′m′〉Gℓmℓ1m1ℓ′m′ . (5.15)
In second line we have approximated the three-point function by considering one of P , Φ,
or δ˜, to be a long-wavelength fluctuation, such that it is an effective background for the
cross-correlations. In the second-to-last line we have used the fact that, absent any effects
beyond the Faraday conversion of P into V , P and δ˜ are uncorrelated, as are P and Φ.
When considering the entire sky3, 〈Pℓ1m1〉 vanishes. Thus in the above approximation of
three-point function, the all-sky 〈Vℓmδ˜k′∗ℓ′m′〉 also vanishes. However, on any individual patch
of the sky, 〈Pℓ1m1〉 need not be 0. The average value of Pℓ1m1 on such a patch is given by
the rms,
√
〈P 2ℓ1m1〉, which we will define as σℓ1m1 . Therefore, the angular power spectrum is
given by
CV δ˜ℓm =
∫
k′2dk′
(2π)3
〈Vℓmδ˜k′∗ℓm 〉
=
∫
k2dk
(2π)3
k′2dk′
(2π)3
∑
ℓ1m1
σℓ1m1〈Φkℓmδ˜k
′∗
ℓm 〉Gℓmℓ1m1ℓm
= CΦδ˜ℓm
∑
ℓ1m1
σℓ1m1G
ℓm
ℓ1m1ℓm
= 2
√
15πiℓ
p
Nℓ
(∫
k2dk
(2π)3
a∗kPδˆδˆ(k)J
W
ℓ (k)
) ∑
ℓ1m1
σℓ1m1G
ℓm
ℓ1m1ℓm. (5.16)
We can simplify this expression by utilizing the full form of Gℓmℓ1m1ℓm:
Gℓmℓ1m1ℓm = (−1)m1+1(2ℓ+ 1)
√
2ℓ1 + 1
4π
(
ℓ1 ℓ ℓ
m1 m m
)(
ℓ1 ℓ ℓ
2 0 −2
)
. (5.17)
3As in the previous sections, here we equate ensemble and spatial averages, by the Ergodic hypothesis
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This is 0 unless |ℓ1| ≥|m1|, m1 = −2m, and 0 ≤ ℓ1 ≤ 2ℓ, and hence,
CV δ˜ℓm = 2
√
15πiℓ
p
Nℓ
(∫
k2dk
(2π)3
a∗kPδˆδˆ(k)J
W
ℓ (k)
) 2ℓ∑
ℓ1=|2m|
σℓ1−2mG
ℓm
ℓ1−2mℓm. (5.18)
This is the 21cm-I–CMB-V cross-correlation for the model of [9].
5.2 Towards An Estimator for CMB-V-21cm-I Cross-Correlation
Our analysis has been purely theoretical, and we have not touched upon a procedure for the
extraction of this information from real data. To do this it would be useful to have a quantity
that is easy to measure (i.e., has a low error associated with its measurement), and which is
not 0 when CV δ˜ℓm 6= 0. More precisely, we seek to construct a minimum-variance estimator of
the CMB-V-21cm-I cross-correlation.
To do this, we follow a method described in e.g. [68]. We define the estimator Fℓ to be
the weighted average over values of m of the CV δ˜ℓm ,
Fℓ =
ℓ∑
m=−ℓ
wℓmC
V δ˜
ℓm , (5.19)
where we require
∑ℓ
m=−ℓ wℓm = 1. The minimum-variance estimator is given by an inverse-
variance-weighted mean. This general result can be derived in the present context by com-
puting the set of weights wℓm that minimize δFℓ. To do this, we note that δFℓ is minimized
when
∑l
m=−ℓw
2
ℓmδC
V δ˜
ℓm
2
is minimized. Adding a Lagrange multiplier so that our condition
will be satisfied, we wish to minimize
L =
ℓ∑
m=−ℓ
w2ℓmδC
V δ˜
ℓm
2 − λ
(
ℓ∑
m=−ℓ
wℓm − 1
)
. (5.20)
It can be shown that this is minimized when
λ = 2

 ℓ∑
m1=−ℓ
1
δCV δ˜ℓm1
2


−1
, wℓm =

 ℓ∑
m1=−ℓ
δCV δ˜ℓm
2
δCV δ˜ℓm1
2


−1
, (5.21)
and hence
Fℓ =
ℓ∑
m=−ℓ
CV δ˜ℓm
δCV δ˜ℓm
2
ℓ∑
m=−ℓ
1
δCV δ˜ℓm
2
, (5.22)
which is precisely an inverse-variance-weighted sum over m.
The task remains to compute δCV δ˜ℓm . The three sources of experimental error for C
V δ˜
ℓm
are ak, Pδˆδˆ, and σℓ1,−2m. Assuming all variables are approximately Gaussian, (5.18) gives(
δCV δ˜ℓm
CV δ˜ℓm
)2
=
(∫
k2dk
(2π)3
a∗kPδˆδˆ(k)J
W
ℓ (k)
)−2 ∫
dk
(
k2
(2π)3
JWℓ (k)
)2 (
δa∗
2
k Pδˆδˆ(k)
2 + a∗
2
k δPδˆδˆ(k)
2
)
+

 2ℓ∑
ℓ1=|2m|
σℓ1,−2mG
ℓm
ℓ1,−2m,ℓ,m


−2
2ℓ∑
ℓ1=|2m|
(
δσℓ1,−2mG
ℓm
ℓ1,−2m,ℓ,m
)2
. (5.23)
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To find δσℓ1,−2m, let us suppose that we calculate σℓm by dividing the sky into N equal
patches and averaging P 2ℓm over these patches, so that σℓm =
√
1
N
∑
patches
P 2ℓm. Then the
relative error is,
δσℓm
σℓm
=
1
2
δ
∑
patches
P 2ℓm
∑
patches
P 2ℓm
=
√ ∑
patches
(PℓmδPℓm)
2
∑
patches
P 2ℓm
. (5.24)
Assuming that the RMS δPℓm is constant across all patches, we get
δσℓm =
√√√√√√√√
∑
patches
(PℓmδPℓm)
2
N
∑
patches
P 2ℓm
=
δPℓm√
N
, (5.25)
where δPℓm on the right-hand side is understood as the RMS value. In the limit N → ∞,
δσℓm → 0. Thus if we calculate σℓm using very many patches, then
δCV δ˜ℓm = 2
√
15πiℓ
p
Nℓ
√∫
dk
(
k2
(2π)3
JWℓ (χ)
)2 (
δa∗
2
k Pδˆδˆ(k)
2 + a∗
2
k δPδˆδˆ(k)
2
)
·
2ℓ∑
ℓ1=|2m|
σℓ1,−2mG
lm
ℓ1,−2m,ℓ,m. (5.26)
Plugging this into (5.22), one finds,
Fℓ =
ℓ∑
m=−ℓ
CV δ˜ℓm
 2ℓ∑
ℓ1=|2m|
σℓ1,−2mG
ℓm
ℓ1,−2m,ℓ,m


2
ℓ∑
m=−ℓ
1
 2ℓ∑
ℓ1=|2m|
σℓ1,−2mG
ℓm
ℓ1,−2m,ℓ,m


2
. (5.27)
This constitutes a minimum variance estimator of the cross-correlation CV δ˜ℓm , as generated by
the model [9]. We emphasize this is specific to the form (5.18), and hence this is a model-
specific estimator, which allows for an estimation of CV δ˜ℓm once the individual components
in (5.18) have been estimated directly from data using conventional methods. One could
alternatively attempt to construct an estimator to extract CV δ˜ℓm itself directly from data; we
leave this interesting possibility to future work.
6 Axions and CMB Cross-Correlation
As a final exercise in V-mode physics, here we consider the TV cross-correlation of the CMB,
and to do this, we continue with the total angular momentum framework utilized in section
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5. We note again that despite being generated by parity-violating processes, the V Stokes
parameter of the CMB is a scalar [29], and the multipole expansion into Y mℓ enjoys the
same parity properties as that for T . This allows for non-vanishing TV cross-correlation. As
a concrete example, we consider a model in which axions are the only significant common
source of V and T , and we shall examine how axions manifest in the TV angular power
spectrum.
Let us define Taxions = T − Tw/o to be the component of the temperature fluctuation
that can be attributed to axions. It follows that,
Taxions,k = (Γ+ − 1)
∣∣∣A′+w/o∣∣∣2 + (Γ− − 1) ∣∣∣A′−w/o∣∣∣2
=
2Γ+Γ− − Γ+ − Γ−
2Γ+Γ−
Tk +
Γ+ − Γ−
2Γ+Γ−
Vk. (6.1)
The subscripts of k are added as a reminder that this equation refers to individual Fourier
modes of the T and V signals, i.e.
T =
∫
d3k
(2π)3
Tke
i~k·~x, (6.2)
and analogously with V and Taxions. From the plane-wave expansion,
ei
~k·~x =
∑
ℓm
ΨkℓmY
∗
ℓm(kˆ), (6.3)
it follows that T kℓm = TkY
∗
ℓm(kˆ), and analogously with V and Taxions. Thus (6.1) becomes
T kaxions,ℓm =
2Γ+Γ− − Γ+ − Γ−
2Γ+Γ−
T kℓm +
Γ+ − Γ−
2Γ+Γ−
V kℓm. (6.4)
We have assumed that axion-photon interaction is the only significant common source of V
and T , which means that the correlation of V with T should be the same as the correlation
of V with Vaxions. Thus we get that the TV angular power spectrum is given by,〈
T kℓmV
k∗
ℓm
〉
=
〈
T kaxions,ℓmV
k∗
ℓm
〉
=
2Γ+Γ− − Γ+ − Γ−
2Γ+Γ−
〈
T kℓmV
k∗
ℓm
〉
+
Γ+ − Γ−
2Γ+Γ−
〈
V kℓmV
k∗
ℓm
〉
=
Γ+ − Γ−
Γ+ + Γ−
〈
V kℓmV
k∗
ℓm
〉
(6.5)
CTVℓ =
∫
k2dk
(2π)3
Γ+ − Γ−
Γ+ + Γ−
∣∣∣V kℓm∣∣∣2 . (6.6)
We see that CTVℓ is given by a quantity that is quite similar to C
V V
ℓ , except for a factor of
(Γ+ − Γ−)/(Γ+ + Γ−) inside the integration, which is general k-dependent.
The relation of CTVℓ and C
V V
ℓ provides a relation for V-modes generated by axions.
This can be expressed as
PTVℓ (k) =
Γ+ − Γ−
Γ+ + Γ−
PV Vℓ (k), (6.7)
with Pℓ(k) the power spectrum of a multipole ℓ. For the example of adiabatic evolution [12],
discussed above (4.16), this prefactor is simply gφ′/k. Independent measurements of CTVℓ
and CV Vℓ thus uniquely specify the axion coupling and evolution.
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7 Conclusion
In this work we have endeavored to perform a systematic analysis of circular polarization of
the cosmic microwave background, and the cross-correlation of this with 21cm cosmology.
We have derived the Boltzmann hierarchy for scalar, vector, and tensor modes, of Stokes V
parameter, and derived an analytic solution to the Boltzmann hierarchy in the presence of
a general source. We then collected proposals in the literature and mapped them onto this
description, providing the corresponding source term in the Boltzmann equation. We put
this forward as a roadmap of the science that can be done with future studies of V-modes
and their impact on the cosmic microwave background.
In our analysis of 21cm cosmology, we have considered only a single mechanism of CMB-
V-21cm-I cross correlation. More generally, one may expect that any V that is generated
by propagation of CMB photons across cosmological distances may be correlated with the
21cm intensity, since both populations of photons must traverse the cosmos. Given the
swath of 21cm experiments to be launched in the near future, it is imperative to perform a
thorough exploration of model space, namely the set of mechanisms which can generate such
a cross-correlation.
We have also considered TV cross-correlation in the CMB. In contrast with TB, this
can be non-vanishing even in the absence of additional parity violation. This is due to
the simple fact that V (θ) and T (θ) are both scalar quantities [29]. We find axion models
lead to a relation between the TV and V V correlations, which relates the spectra and the
axion velocity and coupling. This suggests that V may be a useful element in the suite of
observational probes of axion.
There are many directions for future work; here we have but scratched the surface. An
obvious next step is build a V-mode polarization module to interface with known Boltzmann
solvers like CLASS [69] or CAMB [70]. This will allow for a quantitative analysis of the
V-mode polarization. From there one may consider additional fields and interactions, incor-
porated as additional fluid components to the universe and collision terms in the V-mode
Boltzmann equation. It will also be interesting to perform a full analysis of the vector and
tensor modes of V, which we did not develop beyond the Boltzmann hierarchy.
We also note that many mechanisms to generate V-modes also generate B-modes,
e.g. through the corresponding production of chiral gravitational waves, and vice versa [71].
Chiral gravitational waves play an important role in models of of leptogenesis [61–63, 72, 73]
and dark matter [74], and also serve as a complementary signal to the dark matter production
in [75]. It will be interesting to understand the extent to which V-modes may be a probe
of more general baryogenesis and dark matter models. We leave this, and topics discussed
above, to future work.
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A Solution to the Boltzmann hierarchy with a general source
To show that (3.34) solves (3.33), one must use the result that
⌊ ℓ
′
2
⌋∑
n=0
Aℓ
′
n j
(ℓ′−2n)
ℓ (0) = δℓℓ′ , (A.1)
where Aℓ
′
n and Σ
ℓ′
kn are defined in (3.35) and (3.36). In this appendix we present a proof for
(A.1).
The spherical Bessel function has a series expansion
jℓ(x) =
∞∑
k=0
2ℓ(−1)k(ℓ+ k)!
k!(2ℓ + 2k + 1)!
xℓ+2k. (A.2)
Taking the ℓ′th derivative, we find
j
(ℓ′)
ℓ (x) =
∞∑
k=max
(
0,⌈ ℓ
′−ℓ
2
⌉
)
2ℓ(−1)k(ℓ+ k)!(ℓ+ 2k)!
k!(2ℓ+ 2k + 1)!(ℓ− ℓ′ + 2k)!x
ℓ−ℓ′+2k. (A.3)
When we evaluate at 0, we will only get the term corresponding to ℓ− ℓ′ + 2k = 0, so
j
(ℓ′)
ℓ (0) =


0 ℓ > ℓ′ or ℓ′ − ℓ odd
2ℓ(−1)
ℓ′−ℓ
2
(
ℓ′+ℓ
2
)
!ℓ′!(
ℓ′−ℓ
2
)
!(ℓ′+ℓ+1)!
ℓ ≤ ℓ′ and ℓ′ − ℓ even (A.4)
=
⌈ ℓ
′
−ℓ
2
⌉∑
k=0
2ℓ(−1)k(ℓ+ k)!(ℓ+ 2k)!
k!(2ℓ+ 2k + 1)!
δℓ,ℓ′−2k (A.5)
If ℓ > ℓ′ or ℓ′ − ℓ is odd, then (A.1) follows trivially from (A.4). If ℓ′ − ℓ is even, so that
ℓ′−ℓ
2 ≤ ⌊ ℓ
′
2 ⌋, then
⌊ ℓ
′
2
⌋∑
n=0
Aℓ
′
n j
(ℓ′−2n)
ℓ (0) =
ℓ′−ℓ
2∑
n=0
Aℓ
′
n j
(ℓ′−2n)
ℓ (0)
=
ℓ′−ℓ
2∑
n=0
Aℓ
′
n
ℓ′−ℓ
2
−n∑
k=0
2ℓ(−1)k(ℓ+ k)!(ℓ+ 2k)!
k!(2ℓ + 2k + 1)!
δℓ,ℓ′−2(n+k)
=
ℓ′−ℓ
2∑
n=0
Aℓ
′
n
ℓ′−ℓ
2∑
k=n
2ℓ(−1)k−n(ℓ+ k − n)!(ℓ+ 2k − 2n)!
k!(2ℓ + 2k − 2n+ 1)! δℓ,ℓ′−2k
=
ℓ′−ℓ
2∑
n=0
Aℓ
′
n
ℓ′−ℓ
2∑
k=n
2ℓ
′−2k(−1)k−n(ℓ′ − k − n)!(ℓ′ − 2n)!
k!(2ℓ′ − 2k − 2n + 1)! δℓ,ℓ′−2k
=
ℓ′−ℓ
2∑
k=0
δℓ,ℓ′−2k
k∑
n=0
Aℓ
′
nΣ
ℓ′
kn (A.6)
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From the definition of Aℓ
′
n , it is easy to show that
k∑
n=0
Aℓ
′
nΣ
ℓ′
kn = δk0:
k∑
n=0
Aℓ
′
nΣ
ℓ′
kn = A
ℓ′
kΣ
ℓ′
kk +
k−1∑
n=0
Aℓ
′
nΣ
ℓ′
kn = 0 if k > 0 (A.7)
k∑
n=0
Aℓ
′
nΣ
ℓ′
kn = A
ℓ′
0 Σ
ℓ′
00 = 1 if k = 0 (A.8)
Plugging this into (A.6) yields (A.1).
B The effect of axions on V
Following the definitions in section 2, the T and V Stokes parameters can be expressed in
terms of A±; specifically,
V =
1
a4
(|A′+|2−|A′−|2) T = 1a4 (|A′+|2+|A′−|2) (B.1)
We can define Vw/o and Tw/o analogously, except with A±w/o instead of A±; these are the
values V and T would have, if there were no photon-axion interaction. Substituting in (4.13),
we get
V =
Γ+ + Γ−
2
Vw/o +
Γ+ − Γ−
2
Tw/o. (B.2)
We will assume that Tw/o ≈ T , that is, that axion-photon interaction does not contribute
significantly to the temperature fluctuations of the CMB. This is a reasonable assumption,
as we know that CTTℓ is quite well predicted using standard cosmology, without including
axions. Also, on a more practical level, if axions did significantly affect T , then we wouldn’t
have to use circular polarization to look for evidence of axions in the first place. Taking the
derivative, we get
V ′ =
Γ′+ + Γ
′
−
2
Vw/o +
Γ′+ − Γ′−
2
T +
Γ+ − Γ−
2
T ′ +
Γ+ + Γ−
2
V ′w/o
=
Γ′+ + Γ
′
−
Γ+ + Γ−
V +
Γ−Γ
′
+ − Γ+Γ′−
Γ+ + Γ−
T +
Γ+ − Γ−
2
T ′ +
Γ+ + Γ−
2
V ′w/o, (B.3)
where in the second line we have substituted for V w/o using (B.2).
Note that the assumption that Tw/o ≈ T , i.e. that Taxions is negligible, while necessary
to derive (4.15), is not used in section 6.
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